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ON INTERMEDIATE SUBALGEBRAS OF C∗-SIMPLE
GROUP ACTIONS
TATTWAMASI AMRUTAM
WITH AN APPENDIX BY TATTWMASI AMRUTAM AND YONGLE JIANG
Abstract. We show that for a large class of actions Γ y A of
C∗-simple groups Γ on unital C∗-algebras A, including any non-
faithful action of a hyperbolic group with trivial amenable radical,
every intermediate C∗-subalgebra B, C∗
λ
(Γ) ⊆ B ⊆ A ⋊r Γ, is of
the form A1 ⋊r Γ, where A1 is a unital Γ-C∗-subalgebra of A.
1. Introduction and Statement of the main result
This note is concerned with the structure of intermediate subalgebras
i.e., C∗-subalgebras B, C∗λ(Γ) ⊆ B ⊆ A⋊rΓ, where Γy A, is an action
of a C∗-simple group Γ on a unital C∗-algebra A. For a large class of
such actions, we give complete description of intermediate subalgebras.
Namely, we show that if the kernel of the action contains a subgroup
with respect to which, Γ has the Powers’ averaging property, all the
intermediate subalgebras are of the form of crossed product.
Definition. A non-trivial Λ ≤ Γ is called a plump subgroup if the
following holds: for every ǫ > 0 and finite subset F ⊂ Γ \ {e}, there
exist s1, s2, . . . , sm ∈ Λ such that∥∥∥∥∥ 1m
m∑
j=1
λsjλtλs−1j
∥∥∥∥∥ < ǫ, ∀t ∈ F.
Theorem 1.1. Let Γ be a discrete group with the approximation prop-
erty (AP), let A be a unital Γ-C∗-algebra. Suppose that the kernel of
the action Γy A contains a plump subgroup of Γ. Then, every inter-
mediate C∗-subalgebra B, C∗λ(Γ) ⊆ B ⊆ A⋊r Γ, is of the form A1⋊r Γ,
for some unital Γ-C∗-subalgebra A1 of A.
We give examples of several classes of actions Γy A which fall into
the premises of Theorem 1.1, in the last section. In particular, we show
the following.
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Theorem 1.2. Let Γ be a hyperbolic group with trivial amenable rad-
ical. For any non-faithful action Γ y A, every intermediate C∗-
subalgebra B, C∗λ(Γ) ⊆ B ⊆ A ⋊r Γ, is of the form A1 ⋊r Γ, where
A1 is a Γ-C∗-subalgebra of A.
In a recent paper [15], Suzuki proved a similar result giving a com-
plete description of intermediate subalgebras, for both C∗-algebras and
von Neumann algebras.
The paper also contains a section which includes our joint result with
Yongle Jiang proving a similar result for Odometer actions.
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2. Proof of Main Theorem
For a faithful ∗-representation π : A → B(H) of A into the space
of bounded operators on the Hilbert space H, the crossed product C∗-
algebra A ⋊r Γ is generated (as a C∗-algebra inside B(ℓ2(Γ,H)), the
space of square summable H-valued functions on Γ) by a unitary rep-
resentation λ of Γ and a faithful ∗-representation of A in B(ℓ2(Γ,H)).
This representation translates the action Γ y A into an inner action
by the unitaries λs, s ∈ Γ.
The reduced crossed product A⋊rΓ comes equipped with the faithful
canonical conditional expectation, E : A ⋊r Γ → A, which is defined
by E(a) = a and E(aλs) = 0 for a ∈ A and s ∈ Γ \ {e}. We refer the
reader to [5] for more details on this.
Proof of Theorem 1.1. Let A be a unital Γ-C∗-algebra and let B an
intermediate C∗-subalgebra of the form C∗λ(Γ) ⊆ B ⊆ A⋊r Γ. Suppose
that Λ is a plump subgroup of Γ such that Λ is contained in the kernel of
the action Γy A. Fix b ∈ B. Let ǫ > 0. Then, there are t1, t2, . . . , tn ∈
Γ \ {e} such that∥∥∥∥∥b−
(
n∑
i=1
atiλti + E(b)
)∥∥∥∥∥
B(l2(Γ,H))
< ǫ.
ON INTERMEDIATE SUBALGEBRAS OF C
∗
-SIMPLE GROUP ACTIONS 3
Let M = max1≤i≤n ‖ati‖A. Since Λ is a plump subgroup of Γ, there
exist s1, s2, . . . , sm ∈ Λ such that∥∥∥∥∥ 1m
m∑
j=1
λsjλtλs−1j
∥∥∥∥∥
B(l2(Γ))
<
ǫ
nM
, ∀i = 1, 2, . . . , n.
By [2, Lemma 2.1], it follows that∥∥∥∥∥ 1m
m∑
j=1
λsj
(
n∑
i=1
atiλti
)
λs−1j
∥∥∥∥∥
B(l2(Γ,H))
≤
n∑
i=1
‖ati‖A
∥∥∥∥∥ 1m
m∑
j=1
λsjλtλs−1j
∥∥∥∥∥
B(l2(Γ))
< ǫ.
Now, ∥∥∥∥∥ 1m
m∑
j=1
λsj(b− E(b))λs−1j
∥∥∥∥∥
B(l2(Γ,H))
≤
∥∥∥∥∥ 1m
m∑
j=1
λsj
(
b−
(
n∑
i=1
atiλti + E(b)
))
λs−1j
∥∥∥∥∥
B(l2(Γ,H))
+
∥∥∥∥∥ 1m
m∑
j=1
λsj
(
n∑
i=1
atiλti
)
λs−1j
∥∥∥∥∥
B(l2(Γ,H))
< 2ǫ.
Since Λ acts trivially on A, we get that∥∥∥∥∥ 1m
m∑
j=1
λsjbλs−1j
− E(b)
∥∥∥∥∥
B(l2(Γ,H))
=
∥∥∥∥∥ 1m
m∑
j=1
λsj (b− E(b)) λs−1j
∥∥∥∥∥
B(l2(Γ,H))
< 2ǫ
Since ǫ > 0 is arbitrary, this shows that E(B) ⊂ B. By [14, Proposition
3.4], it follows that B = E(B)⋊r Γ. 
A similar result holds in the von Neumann algebraic setting. We
thank Yongle Jiang for pointing out to us that the same proof as above
works in this setting as well.
Theorem 2.1. Let Γ be a discrete group, M be a Γ-von Neumann-
algebra with a separable predual. Suppose that Λ is a plump subgroup
4 ON INTERMEDIATE SUBALGEBRAS OF C
∗
-SIMPLE GROUP ACTIONS
of Γ such that Λ is contained in the kernel of the action ΓyM. Then
every intermediate von Neumann-subalgebra N , L(Γ) ⊆ N ⊆ M ⋊ Γ
is of the form M1 ⋊ Γ, where M1 is a Γ-von Neumann subalgebra of
M.
Proof. Let ϕ be a faithful normal state onM and let ϕ˜(a) = ϕ(E(a)), a ∈
M⋊ Γ, where E is the canonical conditional expectation from M⋊ Γ
onto M. Then ϕ˜ is a faithful normal state on M ⋊ Γ. Consider the
‖.‖2-norm on M⋊ Γ associated to ϕ˜, defined by
‖a‖2 :=
√
ϕ˜(a∗a) for a ∈M⋊ Γ.
Let b ∈ N and let ǫ > 0 be given. Then there are t1, t2, . . . , tn ∈ Γ \ e
such that ∥∥∥∥∥b−
(
n∑
i=1
atiλti + ae
)∥∥∥∥∥
2
<
ǫ
2
.
Since ϕ˜ is E-invariant, E is continuous with respect to the ‖.‖2-norm
and hence by the triangle inequality, we see that∥∥∥∥∥b−
(
n∑
i=1
atiλti + E(b)
)∥∥∥∥∥
2
< ǫ.
Since the ‖.‖2 is dominated by the operator norm, by proceeding ex-
actly as in the proof of Theorem 1.1, we see that E(b) ∈ N . By
[15, Corollary 3.4], the proof is complete. 
3. Examples
In this section, we give examples of classes of actions of Γ on unital
C∗-algebra A, which satisfy the conditions of Theorem 1.1.
3.1. Plump Subgroups. First, we give several conditions under which
a subgroup Λ is plump in Γ.
Theorem 3.1. Let Λ be a subgroup of Γ. Suppose that there is a free
action of Γ on a compact Hausdorff space X such that the action of Γ
restricted to Λ is strongly proximal. Then Λ is plump in Γ.
Proof. First, proceeding exactly as in the proof of [9, Theorem 4.5],
one sees that τ0 ∈ {sϕ : s ∈ Λ}
weak*
for each state ϕ on C∗λ(Γ). Again,
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by the same theorem, for any finite collection t1, t2, . . . , tn ∈ Γ − {e}
and ǫ > 0, there exist s1, s2, . . . , sm ∈ Λ such that∥∥∥∥∥ 1m
m∑
j=1
λsjλtiλs−1j
∥∥∥∥∥ < ǫ, for each i = 1, 2, . . . , n .

Corollary 3.2. Suppose that Λ is a normal C∗-simple subgroup of Γ
with trivial centralizer inside Γ. Then Λ is plump in Γ.
Proof. By [4, Lemma 5.3], the action Λy ∂FΛ extends to a free action
of Γ on ∂FΛ. By Theorem 3.1, Λ is plump in Γ. 
Corollary 3.3. Let Γ be a C∗-simple group and let Λ ≤ Γ be a non-
trivial normal subgroup. If Λ contains an element s with amenable
centralizer CΓ(s) in Γ, then Λ is plump in Γ.
Proof. In light of Corollary 3.2, it is enough to show that CΓ(Λ) = {e}.
Since Λ is normal, so is CΓ(Λ). Moreover, CΓ(Λ) ⊂ CΓ(s) for a non-
trivial s ∈ Λ is amenable by the assumption. Since Γ is C∗-simple, it
does not contain any non-trivial normal amenable subgroups. Hence,
CΓ(Λ) = {e}. 
Corollary 3.4. Let Γ be a C∗-simple group and let Λ be a finite index
subgroup of Γ. Then Λ is plump in Γ.
Proof. Since Γ is C∗-simple, the action Γ y ∂FΓ is free [4, Theorem
1.1]. It follows from [8, Chapter-II,Lemma 3.2] that this action re-
stricted to Λ is strongly proximal. Hence, by Theorem 3.1, Λ is plump
in Γ. 
The above results allow us to use certain free boundary actions to
conclude plumpness of subgroups. But, in practice, many natural ex-
amples of boundary actions (e.g., Fn y ∂Fn) are only topologically
free. Below, we prove some results which provide us ways to conclude
plumpness of subgroups from existence of certain topologically free
boundary actions.
Recall that an action Γy X is topologically free if X \Xs is dense in
X for every non-trivial element s ∈ Γ, where Xs = {x ∈ X : sx = x}.
Lemma 3.5. Let Γ be a countable discrete group, let Λ be a subgroup
of Γ. Suppose that there exists an action Γy X, where X is a compact
Hausdorff space, such that for each non-trivial element s ∈ Γ, the set
Xs of fixed points of s, is countable. Further suppose that the action
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restricted to Λ is strongly proximal and that X does not contain any
Λ-fixed point. Then, Λ is plump in Γ.
Proof. Let ϕ be a state on C∗λ(Γ). Extend ϕ to a state ϕ˜ on C(X)⋊r Γ
and let ϕ˜|C(X) = dν, where ν ∈ Prob(Γ). Since the action restricted
to Λ is strongly proximal, there are si ∈ Λ such that siν → δx0 in
weak∗-topology, for some x0 ∈ X. Now, we claim that Λx0 is an
uncountable set. Let Y be a minimal Λ-component of Λx0. If Λx0
were a countable set, then Y would be a finite set. Since the action
restricted to Λ is strongly proximal, we must have that Y is a singleton
and hence a Λ-fixed point. This shows that Λx0 is an uncountable set.
Now, since ∪s 6=e,s∈ΓXs is countable, we can find y0 ∈ Λx0 ⊂ Λν with
trivial stabilizer. Now, it follows from the proof of [9, Theorem 4.5]
that τ0 ∈ {sϕ : s ∈ Λ}
weak∗
. Then, by the same theorem, for any finite
collection t1, t2, . . . , tn ∈ Γ−{e} and ǫ > 0, there exist s1, s2, . . . , sm ∈ Λ
such that ∥∥∥∥∥ 1m
m∑
j=1
λsjλtiλs−1j
∥∥∥∥∥ < ǫ, for each i = 1, 2, . . . , n .

In the case of countable groups Γ, it turns out that a subgroup Λ
is plump iff there exists a C∗-simple measure on Γ which is supported
on Λ. We recall from [10] that a probability µ on Γ is C∗-simple if the
canonical trace τ0 is the unique µ-stationary state on C
∗
λ(Γ), that is, τ0
is the unique state on C∗λ(Γ) satisfying
µ ∗ τ0 =
∑
s∈Γ
µ(s)sτ0 = τ0.
Proposition 3.6. Let Γ be a countable discrete group. A subgroup
Λ ≤ Γ is plump in Γ iff there exists a C∗-simple measure µ ∈ Prob(Γ)
such that supp(µ) ⊆ Λ.
Proof. Suppose that Λ is plump in Γ. Then, for any finite collection
t1, t2, . . . , tn ∈ Γ − {e} and ǫ > 0, there exist s1, s2, . . . , sm ∈ Λ such
that ∥∥∥∥∥ 1m
m∑
j=1
λsjλtiλs−1j
∥∥∥∥∥ < ǫ, for each i = 1, 2, . . . , n.
Now arguing similarly, as in the proof of [10, Theorem 5.1], one obtains
a sequence µn ∈ Prob(Γ) supported inside Λ such that∥∥µn ∗ a− τ0(a)1C∗
λ
(Γ)
∥∥ n→∞−−−→ 0 ∀a ∈ C∗λ(Γ).
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Thus, the C∗-simple measure µ constructed from the sequence {µn},
as in the proof of [10, Theorem 5.1] is also supported inside Λ.
The converse follows from [10, Proposition 4.7] and a standard ap-
proximation argument. 
3.2. Convergence Groups. In this section, we use the above results
to give some concrete examples where our Theorem 1.1 applies. In
particular, we prove Theorem 1.2.
An action Γ y X is called a convergence action (in this case, Γ is
called a convergence group), if for every infinite sequence of distinct
elements γn ∈ Γ, there exist a subsequence γnk and points a, b ∈ X
such that γnk |X\{a} converge uniformly on compact subsets to b. A
non-torsion element s ∈ Γ is called loxodromic if s has exactly two
fixed points and is called parabolic if s fixes exactly one point. A
subgroup Λ ≤ Γ is elementary if it is finite, or preserves setwise a
nonempty subset of X with at most two elements, and called non-
elementary otherwise. We refer the reader to [3, 7, 16] for more details
on these.
Proposition 3.7. Let Γ be a non-elementary torsion-free convergence
group. Then every non-elementary subgroup Λ ≤ Γ is plump in Γ.
Proof. Let Γ y X be a convergence action. Since Γ is torsion-free,
every element in Γ is either parabolic or loxodromic ([16, Theorem
2B]). Thus, for each non-trivial element s ∈ Γ, |Xs| ≤ 2. Since Λ is
a non-elementary subgroup of Γ, one sees that the action restricted
to Λ is strongly proximal (see e.g.,[13, Example 2]). Since Λ is non-
elementary, it follows from [16, Theorem 2S] that Λx is non-trivial for
every x ∈ X. The claim now follows from Lemma 3.5. 
The above proposition together with Theorem 1.1 imply Theorem
1.2 for all torsion-free hyperbolic groups. We give an alternative proof
below which applies to all hyperbolic groups.
Proof of Theorem 1.2. Let Γ be a hyperbolic group with trivial amenable
radical, let Γy A be a non-faithful action. Let Λ be the kernel of the
action Γ y A. Since Λ is non-amenable, therefore non-elementary,
it contains a non-torsion element s. We will show that the centraliser
CΓ(s), of s in Γ is amenable, which will imply the theorem by Corollary
3.3. Let x+s , x
−
s ∈ ∂Γ be the points of attraction and repulsion of s, i.e.
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x+s and x
−
s are fixed by s, and s
nx
n→∞
−−−→ x+s for all x ∈ ∂Γ \ {x
−
s }. We
claim that CΓ(s) leaves the set {x+s , x
−
s } invariant. To see this, observe
that for any element t ∈ CΓ(s), tx±s = ts
nx±s = s
ntx±s . Letting n→∞,
we get that tx±s = x
±
s . Therefore, the kernel of the homomorphism
from CΓ(s) to Sym({x+s , x
−
s }) has index ≤ 2. Let’s denote the kernel of
this homomorphism by K. Since Γy ∂Γ is topologically amenable [1],
the stabilizer Γx+s is amenable, hence K ⊂ Γx+s is amenable. Therefore,
CΓ(s) is amenable. This completes the proof. 
The following two examples are general constructions of non-faithful
actions for which Theorem 1.1 applies.
We denote the free group generated by a set S with FS.
Example 3.8. Let Γ be a discrete group, let S be a generating set
for Γ such that Γ 6= FS. Let ϕ : FS → Γ be the canonical surjective
homomorphism. Let α : Γ→ Aut(A) be any action of Γ on a unital C∗-
algebra A, let α˜ = α ◦ ϕ be the composition action of FS on A. Since,
Ker(ϕ) is non-trivial, the action FS y A is non-faithful. By Corollary
3.3, every intermediate C∗-subalgebra, C∗λ(FS) ⊆ B ⊆ A ⋊r FS, is of
the form E(B)⋊α˜,r FS.
Example 3.9. Let Γ be a C∗-simple group, and let Λ be a normal
subgroup with trivial centralizer in Γ. Let X := {0, 1}Γ/Λ and consider
the action of Γ on X defined by gf(s¯) = f(g−1s¯), for f ∈ X, g ∈ Γ and
s¯ ∈ Γ/Λ. Since Λ is plump in Γ by Corollary 3.2, and Λ acts trivially on
X, it follows from Theorem 1.1 that every intermediate C∗-subalgebra
B, C∗λ(Γ) ⊆ B ⊆ C(X)⋊r Γ, is of the form E(B)⋊r Γ.
Appendix: Example of a faithful action with a complete
description of intermediate algebras
In this appendix, we give an example of a faithful action of a C∗-
simple group on a compact Hausorff space X, for which every interme-
diate C∗-algebra B, C∗λ(Γ) ⊆ B ⊆ C(X) ⋊r Γ is of the form A1 ⋊r Γ,
where A1 is a unital Γ-C∗-subalgebra of C(X).
Lemma 3.10. Let Γ be a C∗-simple group acting on a compact Haus-
dorff space X via homeomorphisms. Suppose that the action has the
following property: Given any finite open covering {Ui} of X, there
exists a plump subgroup Λ such that sUi ⊂ Ui for all s ∈ Λ and every i.
Then, every intermediate C∗-algebra B with C∗λ(Γ) ⊆ B ⊆ C(X) ⋊r Γ
is of the form A1 ⋊r Γ, where A1 is a Γ-C
∗-subalgebra of C(X).
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Proof. Let b ∈ B. Fix ǫ > 0. Since X is compact and E(b) is con-
tinuous, we can find finitely many points {x1, . . . , xn} ⊂ X and open
neighborhoods containing xi such that |E(b)(x) − E(b)(xi)| ≤ ǫ when-
ever x ∈ Uxi and X ⊆ ∪iUxi . Now let Λ ≤ Γ be the plump subgroup for
which the above property holds i.e., sUxi ⊆ Uxi for all s ∈ Λ and for all
i = 1, 2, . . . , n. Moreover, since s−1Uxi ⊂ Uxi , we get that sUxi = Uxi
forall i = 1, 2, . . . , n and for all s ∈ Λ. Since Λ is plump in Γ, there
exist s1, . . . , sm ∈ Λ such that∥∥∥∥∥ 1m
m∑
j=1
λsj(b− E(b))λs−1j
∥∥∥∥∥
B(ℓ2(Γ,H))
< ǫ.
Now, for any x ∈ X, since X ⊆ ∪ni=1Uxi, there exists 1 ≤ i ≤ n such
that x ∈ Uxi. Since Uxi is Λ-invariant, we see that s
−1
j x ∈ Uxi and
hence, by triangle inequality we get that∣∣E(b)(s−1j x)− E(b)(x)∣∣ < 2ǫ.
Therefore,∥∥∥∥∥ 1m
m∑
j=1
λsjE(b)λs−1j
− E(b)
∥∥∥∥∥
B(ℓ2(Γ,H))
=
∥∥∥∥∥ 1m
m∑
j=1
λsjE(b)λs−1j
− E(b)
∥∥∥∥∥
C(X)
= sup
x∈X
∣∣∣∣∣ 1m
m∑
j=1
(
E(b)(s−1j x)− E(b)(x)
)∣∣∣∣∣
≤2ǫ
By Triangle inequality we get that∥∥∥∥∥ 1m
m∑
j=1
λsjbλs−1j
− E(b)
∥∥∥∥∥
B(ℓ2(Γ,H))
≤
∥∥∥∥∥ 1m
m∑
j=1
λsj(b− E(b))λs−1j
∥∥∥∥∥
B(ℓ2(Γ,H))
+
∥∥∥∥∥ 1m
m∑
j=1
λsjE(b)λs−1j
− E(b)
∥∥∥∥∥
B(ℓ2(Γ,H))
≤3ǫ
Since ǫ > 0 is arbitrary, we get that E(b) ∈ B. The assertion now
follows from [14, Proposition 3.4]. 
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Below we give an example of an action which satisfies the conditions
of Lemma 3.10. Before we begin the proof, let’s briefly recall the notion
of odometer actions and some of its properties, which we shall make
use of. We refer the reader to [6] for more details.
Let Γ be a group and {Γn}n≥0 be a decreasing sequence of finite-index
subgroups. Let πn : Γ/Γn → Γ/Γn−1 be the natural quotient map.
Consider the inverse limit X = limn(Γ/Γn, πn). We remind that X
consists of tuples (g0, g1, g2, . . .) ∈
∏∞
n=0 Γ/Γn such that πn(gn) = gn−1
for all n ≥ 1. The topology on X is generated by the clopen set
{{gn} ∈ X : gi = ai}, where ai ∈ Γ/Γi.
Γ acts on X continuously by left multiplication, i.e. g ·{hn} = {ghn},
where g ∈ Γ and {hn} ∈ X. This action is called Γ-odometer or,
simply, an odometer when the group Γ is clear from the context. If
the finite-index subgroups {Γi} are normal, then we call the action an
exact Γ-odometer. Moreover every Γ-odometer action is minimal and
equicontinuous. Also, if the subgroups {Γi} are normal in Γ, then the
above action is free (and hence faithful) if and only if ∩∞n=0Γn = {e}.
Corollary 3.11. Let Γ be a residually finite, C∗-simple group. If the
action Γy X is a free exact Γ-odometer, then every intermediate C∗-
algebra B, C∗λ(Γ) ⊆ B ⊆ C(X)⋊r Γ, is of the form A1 ⋊r Γ,where A1
is a Γ-C∗-subalgebra of A.
Proof. By definition of an exact Γ-odometer, X = limn(Γ/Γn, πn) for
some decreasing finite-index normal subgroup {Γi} with ∩∞n=0Γn = {e}.
From the definition of the topology on X and since ∩∞n=0Γn = {e},
without loss of generality, after refining the open cover, we may assume
the finite open cover to be just the standard one: C = {Ci : 1 ≤ i ≤
[Γ : ΓN ]} for some large enough N , where Ci = {{gi} ∈ X : gi = ai}
and Γ/ΓN = {ai : 1 ≤ i ≤ [Γ : ΓN ]}. Since ΓN is normal in Γ, for
every g ∈ ΓN , gCi = Ci for all i as g fixes each coset of Γ/ΓN . Since
[Γ : ΓN ] <∞, ΓN is plump by Corollary 3.4. The assertion now follows
from Lemma 3.10. 
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